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CI1DES AND MATRICES IN STUDIES ON DESIGNS 
Keceived 27 Octohcr 1988 
This paper investigates methods based on codes and matrices for determming the existence or 
nonexistence of designs. The methods are general but are applied to the particular ~152 ot a design 
(22.33, 11.8,4). A5 such it is a sequel to a paper of Hall. Jr., Roth, ban Rees and C’ansrnnr. An 
early paper by Hamada and Kobayslu made the first steps in thts direction. 
1. Information from codes 
For a more detailed account of the material in this secliorl see [l] or [2, Ch.171. 
Let D be a {u,b,ck,d) design. Its incidence matrix is A = [a,i], i= 1, . . . , O, 
j= 1, . . . . h, where II~ = 1 if the ith point is on the jth block and L(,, =b if not. Wilh 
q=,v’, p a prime, the code C of D is the subspacc of b’;f spanned by the rows of 
il. In general let (.Y,Y) be the inner product xy, + ... +x,~.Y,, of vectors. Then the 
urthogonal dual code Cl is defined by Cl= { yl(x,c,y) =0 Vst C),. If C has A, 
words of weight I, then A(,,4 ,, . . . ,A, is its Wgkt dstributiort and W;.(X,_V) = 
II A,,x +A,x h-‘_Y + . . . +A &-ij.l, ... +,4,1y” is its wwgl7t fw~~~e~rzfw. The 
celebrated YlacWilliams id:ntity shows thal Lhe weight distribulion 01’ C completely 
determines the weight distribution of Cl. This is given by 
W,.1(s,y)= W,(sA(q- l)l’,s-y)ilCl. 
Here 1 C 1 = q” is the number of elements in C if C is of dimension s. 
For the code of’ a design the following easy result is valuable. 
(1.1) 
Lemma 1.1. If q = p’ rind y 1 r-A, then Jbr the code C of D over Fq, C’n CL is o.f 
codlmension at most 1 in C. 
Proof. Let r,, rj, and r,,, be any three rows of 4, not necessarily different. Then 
(rj,rj)=r=A(p), (T~,Tj)=~~~nr,~i~r,)~~~~-O(modp). (1.2) 
Hence rj- rl E CL proving the lemma. Fl 
A word in a code will Iead to a configuration of the blocks involved and the points 
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occurr ing in two or more blocks. The projective plane of  order 10 is "l symmetric 
(111, 11; 1) design. Let us consider the columns of  the incidence matr ix A as being 
points and the rows as being lines. We consider the code C over F 2. Since every col- 
umn of  A contains 11 l 's  the sum of all the rows is over F2 the vector of  all l 's .  
Thus A l l  I = 1 and so by complements All1 i -A i  • There are no words of  weight 1 
to 10 and a word of  weight 11 is a line so that AI~ = 111. F rom these facts it has 
been known since 1970 that the entire weight distr ibut ion would be determined given 
Aj2, AIs, and A16. If there is a word of  weight 15 there must be a conf igurat ion of  
the 15 points and 21 lines as fol lows: 
1 2 3 4 5 1 10 15 3 6 15 
1 6 7 8 9 1 11 14 3 8 12 
2 6 10 11 12 1 12 13 3 9 11 
3 7 10 13 14 2 7 15 4 6 14 
4 8 11 13 15 2 8 14 4 10 9 
5 9 12 14 15 2 9 13 4 12 7 
5 6 13 
5 7 11 (1.3) 
5 8 10 
In 1973 using a computer ,  MacWi l l iams et al. [5] showed that the conf igurat ion 
in (1.3) could not be completed to a full plane proving that A15 = 0. More recently, 
C lement Lam has shown that A l2=Al6 -0 .  The weight distr ibut ion is now com- 
pletely determined and in part icular A 19- 24,675. For  a word of  weight 19 the con- 
f iguration consists of  6 lines with 5 points of  the 19 and 37 lines with 3 points. Up 
to isomorphism there are 64 dif ferent choices for the 6 5-point lines. He has now 
el iminated all but the hardest 6 cases of  the 64. With further computer  t ime he will 
either find a plane or el iminate the 6 cases and conclude that the plane does not 
exist. 
Designs (22, 33, 12, 8, 4) remain a mystery. For any smaller number of  points it is 
known whether or not a design exists. The incidence matr ix A has 22 rows and 33 
columns,  each row with 12 l ' s  and each column with 8 l ' s  and any two different 
rows are both l ' s  in exactly 4 columns. We consider the code C over F 2. It is easily 
seen that all codewords have weights a mult iple of  4 and that any two code-words 
are both 1 in an even number of  columns. Thus the weight distr ibut ion is 
Ao, A4, A ~ ..... A28. We must have A32=0 since a word of  weight 32 will include all 
columns except one. That one column has 8 l 's  in it and the row containing one 
of  these will have 11 l ' s  in common with the 32, contrary to our assertion about 
even intersection. 
Let C ± have weight distr ibut ion Co, Cl . . . . .  C33. Here since every word of  C has 
even weight C33= 1 and C33 i=Ci. Also Ci>_Ai as CCC ±. Trivial ly Co= 1. Also 
C~ = 0 since no column of  A is identical ly 0 and C2 = 0 since no two columns are 
identical (more on this later). If ]C] =25 we may use this in format ion to solve 
AI2, AI6, A20 in terms of  A4, A5, A24, A28, using the MacWi l l iams identity. 
Here 
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A12= 13.2 s 6_ lO_6A4_3A8_Az4_3A28, 
A16=30 .2 s 6+15+8A4+3As+3Az4+8A28 ' 
A20 = 21 • 2 s- 6 _ 6 - 3A 4 - A 8 - 3A24 - 6A28. 
Using (1.4) and the MacWi l l iams identity we find 
2 s 9C4=-45.2s  9+90+28A4+5As+3Az4+20A28, 
22 9C5=-39"  22 9+474+92A4+5As+3A24-44A28. 
From this 
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(1.4) 
(1.5) 
22 9 C5 = 22 - 9 C4 + 6" 2 s- 9 + 384 + 64A 4 - 64A2s. (1.6) 
NowCs=C33 5=C2s_>A28sothat i fA28>-6 ,  thenCs->6.  But i fA2s<6,  then(1.6)  
gives 2s -9c5>6 • 2 s 9 and Cs>6.  In any event C5>_6. We shall use this to examine 
the existence or nonexistence of  a (22, 33, 12, 8, 4) design. 
2. Block intersections; matrix approach 
For designs D (22,33, 12,8,4) Hamada and Kobayaski  [4] have made a careful 
study of  block intersections. Given a block B 0 let there be bi, i=0  . . . . .  8 blocks 
which intersect B 0 in exactly i points. Then 
(a) b0+b 1+b2+b3+b4+bS+b6+b7+bS=32,  
(b) bl + 2b2 + 3b3 + 4b4 + 5b5 + 6b6 + 7by + 8b8 = 88, (2.1) 
(C) b 2 + 3b3 + 664 + 10b 5 + 10b5 + 15b 6 + 15b 6 + 21 b 7 + 28b8 = 84. 
The first counts the remaining 32 blocks. The second counts the remaining 11 occur- 
rences of  each of  the 8 points of  B 0. Since any pair of  the 8 points of  B 0 occurs 
together 3 more times we have the third equation. Taking 3. (2 .1a) -2 .  (2.1b)+ 
(2.1c) we have 
Table 1 
Type bo bl b2 b3 b4 b5 
1 0 0 12 16 4 0 
2 0 1 9 19 3 0 
3 0 2 6 22 2 0 
4 1 0 6 24 1 0 
5 0 3 3 25 1 0 
6 0 0 11 19 1 1 
7 0 1 8 22 0 1 
8 0 4 0 28 0 0 
9 1 1 3 27 0 0 
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(d) 3bo+b l +b4+ 3bS+6b6+ lObv+15bs=4. (2.2) 
It now follows that b~, -bT-bs  = 0 and one of  the intersection patterns given in 
Table 1 holds. 
In Section 4 of their paper they show that types 5 ,6 ,7 ,8 ,9  are impossible. 
The incidence matrix A of  a D (22, 33, 12, 8,4) satisfies 
AA -r - 8•22 + 4J22,  22 . (2.3) 
Here I,, is the identity matrix of  size n and J,,.~ is the r×s  matrix of  all l 's .  The in- 
tersection matrix S ATA = [sii ] where si / is the number of  points common to the 
ith and j th  blocks. Here 
$2 AVAAIA  =Al (81+4J )  A (2.4) 
= 8S+ 256J33,33. 
S-S  r is symmetric and has 8's on its main diagonal .  For a general (v,b,r,k, 2) 
design the projection matrix C is def ined by C = r ( r -  2)1+ 2k J -  rS. Here 
C 2 - r ( r  2)C, (2.5) 
so that C corresponds to a posit ive semidefinite quadrat ic  form. In part icular  every 
principal minor of  C has a nonnegative determinant.  In our case it is simpler to deal 
with C* 1 ~C where 
[8 1 8 - 3sii C*= C*'- = 24C*. (2.6) 
8 - 3sij 
8 
In part icular  if three blocks have the fol lowing intersection pattern 
Iili148 
the corresponding C* matr ix is 
M 8 -4  . 
-4  8 
(2.7) 
But det M=-  216 is negative and so the intersection pattern is impossible. 
Also by a very ingenious argument,  van Rees [3] has shown that the fol lowing two 
minors are impossible: 
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IT 1 8 3 and 8 . (2.8) 3 8 4 
From the Hamada-Kobayashi  results it follows that the rows of S will be of  one of 
the types given in Table 2. If we know the intersection of  blocks i and j (2.4) will 
tell us the inner product of  rows i and j  of  S. Also if S is found, then C is immediate 
and 
AC=O. (2.9) 
This gives conditions on the rows of  A which together with (2.3) can be used to 
recover A and so the designs. 
Table 2 
Type Row 
1 8 4 4 4 4 212 316 
2 8 4 4 4 1 2 9 319 
3 8 4 4 1 1 26 322 
4 8 4 0 26 324 
3. Computational procedures 
In the 13 remaining cases, the procedure is first to complete the 5 rows with the 
5 x 5 matrix as corner. The inner products must be correct and the 28 columns must 
give consistent borderings. There will probably be a large number of 5-row comple- 
tions. One of these will be examined here. In Table 3 a 5-row completion of  case 
64 is given. 
Table 3 
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 
1 8 4 4 2 2 2 1 1 3 2 2 3 3 3 2 3 3 
2 4 8 2 4 2 2 4 4 3 2 2 2 2 3 2 2 2 
3 4 2 8 4 2 2 3 3 3 4 3 2 4 2 3 3 3 
4 2 4 4 8 2 2 3 3 3 3 4 4 2 2 3 3 3 
5 2 2 2 2 8 0 3 3 4 3 3 3 3 2 2 3 3 
18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 
3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 
2 2 3 3 3 3 3 3 3 3 3 3 3 3 3 3 
3 3 2 2 2 2 2 2 2 3 3 3 3 3 3 3 
3 3 3 3 3 3 3 3 3 2 2 2 2 2 2 2 
3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 
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From the fact that rows 5 and 6 intersect in 0, row 6 will be identical with 5 except 
in columns 5 and 6. Since blocks 7 and 8 both intersect block 1 in 1 and since 
8 4 and 1 8 3 
4 8 1 3 8 
are excluded they must intersect in 1 nr 2. If their intersection is 1, it is not difficult 
to exclude this possibility. If their intersection is 2, then in the corresponding C 
matrix there is a dependence on rows namely 1 -2+4+ 7 + 8. This determines in S 
the sum of rows 7 and 8 throughout.  There are in fact 22 ways of filling in rows 
7 and 8. But we shall not use these. From our present information there are up to 
isomorphism exactly two ways of completing the first 9 columns oF the incidence 
matrix. These are listed here in Tables 4 and 5. 
Since AC-0 ,  every row of A must be orthogonal to every row of C. This greatly 
restricts the possibilities for rows of A, using only the 5 rows of C which are known. 
For example in the first configuration (see Table 4) there is an essentially unique 
choice for rows 3 and 4 (see Table 6). Here because the columns are identical we 
may permute arbitrari ly 16-19 and 20-26, and 27-33. There are two choices for 1 
and 2, 4 choices for 5 and 6, 3 choiccs for 9, 3 choices for 10 and so on. Hence to 
reconstruct A we need only take these choices and the condit ion that any two rows 
Table 4. First configub~/lion 
I 2 3 4 5 6 7 8 9 
6 
7 
8 
9 
I0 
I1 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
I 1 I 0 0 1 0 0 
I 1 1 0 0 0 1 0 
I 0 0 0 1 0 0 ! 
1 0 0 0 I 0 0 1 
0 I 0 0 0 0 0 0 
0 1 0 0 0 0 0 0 
0 0 0 1 0 0 0 I 
0 0 0 l 0 0 0 0 
I 0 I 0 0 1 0 0 
1 0 I 0 0 0 1 0 
1 0 0 I 0 1 I l 
I 0 0 I 0 l I 0 
0 1 1 0 1 1 0 1 
0 1 l o 1 o I 1 
0 1 o I o 1 o 1 
0 1 0 I 0 0 I 0 
0 0 I 1 0 0 0 I 
0 0 1 I 0 0 0 0 
0 0 0 0 ] I 0 0 
0 0 0 0 l l 0 0 
0 0 0 0 1 0 I 0 
0 0 0 0 1 0 1 0 
Codes and matrices in studies on designs 151 
Table 5. Second conf igurat ion 
1 2 3 4 5 6 7 8 9 
1 1 1 1 1 0 0 1 0 0 
2 1 1 1 1 0 0 0 1 0 
3 I 1 0 0 0 l 0 0 1 
4 1 1 0 0 0 0 0 0 0 
5 1 0 1 0 0 1 0 0 1 
6 1 0 1 0 0 0 0 0 0 
7 1 0 0 0 1 0 0 0 1 
8 1 0 0 0 1 0 0 0 0 
9 0 1 0 1 0 1 1 0 1 
10 0 1 0 1 0 0 0 1 0 
11 0 1 0 0 1 0 1 1 1 
12 0 1 0 0 1 0 1 1 0 
13 0 0 1 1 0 1 0 1 1 
14 0 0 1 1 0 0 1 0 0 
15 0 0 1 0 1 0 1 0 1 
16 0 0 1 0 1 0 0 1 0 
17 0 0 0 1 1 0 0 0 1 
18 0 0 0 l 1 0 0 0 0 
19 0 0 0 0 0 1 1 0 0 
20 0 0 0 0 0 1 1 0 0 
21 0 0 0 0 0 1 0 1 0 
22 0 0 0 0 0 1 0 1 0 
o f  A have  inner  p roduct  4 = 2.  Th is  is a p romis ing  approach  but  l ike o thers  d id  not  
come to  an  end .  Up  to  12 rows  o f  A have  been  found ,  but  no  more .  As  th i s  work  
was  done  by  hand,  not  al l  poss ib i l i t i es  were  covered .  
In  genera l  there  wil l  be  many  5 x 33 matr i ces  such  as in  Tab le  3 and  fo r  each  o f  
these  poss ib le  rows  fo r  A can  be  found ,  but  it appears  that  the  number  o f  cases  to  
be  cons idered  wil l  be  proh ib i t i ve .  To  set t le  the  ex is tence  or  nonex is tence  o f  a 
(22 ,33 ,  12 ,8 ,4 )  des ign  someth ing  fu r ther  wil l  have  to be  added to the  methods .  
Table 6 
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 
3 1 1 0 0 0 1 0 0 1 1 0 0 0 0 0 
4 1 1 0 0 0 1 0 0 1 0 1 0 0 0 0 
16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 
0 0 0 0 1 1 1 1 0 0 0 1 1 1 0 0 0 0 
0 0 0 0 0 0 0 0 1 1 1 0 0 0 1 1 1 1 
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